Box products are often discretely generated  by Tkachuk, V.V. & Wilson, R.G.
Topology and its Applications 159 (2012) 272–278Contents lists available at SciVerse ScienceDirect
Topology and its Applications
www.elsevier.com/locate/topol
Box products are often discretely generated
V.V. Tkachuk ∗, R.G. Wilson
Departamento de Matematicas, Universidad Autónoma Metropolitana, Av. San Rafael Atlixco, #186, Iztapalapa, A.P. 55-532, C.P. 09340, Mexico, D.F., Mexico
a r t i c l e i n f o a b s t r a c t
Article history:
Received 20 June 2011
Received in revised form 5 September 2011
Accepted 5 September 2011
MSC:
primary 54F05, 54B10, 54A20
secondary 54D10, 54C25
Keywords:
Discrete subspaces
Discretely generated space
Tychonoff products
Box products
Nested local base
l-Nested space
Monotonically normal space
Linearly ordered space
GO space
Dyadic compact space
π-Character
A space X is discretely generated if for any A ⊂ X and x ∈ A there exists a discrete set
D ⊂ A such that x ∈ D . We prove that if Xt is a monotonically normal space for any
t ∈ T then the box product ∏∐t∈T Xt is discretely generated. In particular, every ﬁnite
product of monotonically normal spaces is discretely generated. We establish the same
conclusion for any ﬁnite product of Hausdorff spaces with a nested local base at every
point. We also show that any dyadic discretely generated compact space is metrizable;
besides, under CH, every discretely generated compact space has a dense set of points of
countable π-character.
© 2011 Elsevier B.V. All rights reserved.
0. Introduction
Discretely generated spaces were introduced in [4] where it was established, among other things, that every compact
space of countable tightness is discretely generated as well as any monotonically normal space and any regular space with
a nested local base at every point. In this paper we provide answers to Problems 5.6 and 5.7 of [4] showing that every
dyadic compact discretely generated space is metrizable and that, in some models of ZFC, a discretely generated compact
space need not have a point-countable π -base.
Since every ﬁnite product of compact spaces of countable tightness also has countable tightness, we can conclude that
every such product is discretely generated. This was the reason to ask in [4] whether the square of each discretely generated
compact space is discretely generated.
Ivanov and Osipov constructed in the paper [6] an example, under CH, of a compact discretely generated space X such
that X × X is not discretely generated. However, it is still an open question whether there exists in ZFC a Tychonoff (not
necessarily compact) discretely generated space X whose square is not discretely generated.
Therefore the time has come to study products of discretely generated spaces in more detail so we present some positive
results in this direction. We prove that an arbitrary box product of monotonically normal spaces is discretely generated; this
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of monotonically normal spaces; in particular, any ﬁnite product of GO spaces is discretely generated. We also generalize
Theorem 3.13 of [4] by establishing that every ﬁnite product of Hausdorff spaces with a nested local base at every point is
discretely generated.
1. Notation and terminology
All spaces under consideration are assumed to be at least Hausdorff. If X is a space then τ (X) is its topology and
τ ∗(X) = τ (X)\{∅}. Furthermore, τ (x, X) = {U ∈ τ (X): x ∈ U } for any point x ∈ X . A family A of sets is nested if, for any
A, B ∈A, either A ⊂ B or B ⊂ A. A family B is a (local) π -base of a space X (at a point x ∈ X ) if B ⊂ τ ∗(X) and for every
U ∈ τ ∗(X) (or U ∈ τ (x, X) respectively) there exists V ∈ B with V ⊂ U . If there exists a countable local π -base in a space X
at a point x ∈ X then x is called a point of countable π -character in X .
A space X is called monotonically normal if to every U ∈ τ (X) and x ∈ U we can assign a set O (x,U ) ∈ τ (x, X) such
that O (x,U ) ∩ O (y, V ) = ∅ implies x ∈ V or y ∈ U . It is easy to see that this condition implies that O (x,U ) ⊂ U for any
U ∈ τ (x, X). If Xt is a space for every t ∈ T then the box product ∏∐{Xt : t ∈ T } is the set-theoretic product ∏t∈T Xt with
the topology generated by the family {∏t∈T Ut : Ut ∈ τ (Xt) for all t ∈ T }. A space X is discretely generated at a point x ∈ X
if for any A ⊂ X with x ∈ A there exists a discrete set D ⊂ A such that x ∈ D . The space X is discretely generated if it is
discretely generated at every point x ∈ X . Say that X is weakly discretely generated if for any non-closed set A ⊂ X , there
exists a discrete set D ⊂ A such that D\A = ∅.
The set of natural numbers is denoted by ω and N = ω\{0}. We use the symbol R for the real line with its usual
topology and Q ⊂ R is the set of rationals; besides, I = [0,1] ⊂ R and D is the doubleton {0,1} with the discrete topology.
The rest of our notation is standard and follows [5].
2. Discrete generability in products
We start off observing that the progress made in the last years in other areas of topology implies trivial solutions of
some open problems in [4]. It was asked in Problem 5.7 of [4] whether every dyadic compact discretely generated space
was metrizable in ZFC. A famous result of Moore easily implies a positive answer.
2.1. Theorem. If X is a dyadic compact discretely generated space then X is metrizable in ZFC.
Proof. It is Theorem 4.6 of [4] that if there exists an L-space then Dω1 is not discretely generated. Since Moore established
in [10] that there exists an L-space in ZFC, we infer that Dω1 is not discretely generated in ZFC. Next apply Theorem 4.4(b)
of [4] to see that every dyadic compact discretely generated space is metrizable. 
A lot of interesting results have been obtained about embeddings into compact spaces of countable tightness. For
example, if a topological group G embeds in a compact space of countable tightness then G is metrizable (see [11, Propo-
sition 2.1]) and countable Fréchet–Urysohn fan does not embed in a compact space of countable tightness. Therefore it is
interesting to ﬁnd out what spaces can be embedded into a compact discretely generated space.
2.2. Corollary. Let Σ = {x ∈ Dω1 : |x−1(1)|  ω} be the Σ-product of doubletons of weight ω1 . Then Σ is a countably compact
Fréchet–Urysohn (and hence discretely generated) space which does not embed into a compact discretely generated space.
Proof. It is well known that Σ is a countably compact Fréchet–Urysohn space. Suppose that K is a discretely generated
compact space and Σ ⊂ K ; there is no loss of generality to assume that Σ is dense in K . Since Dω1 is the Stone–Cˇech
extension of Σ (see [1, Chapter IV, Problem 37]), there exists a continuous map f : Dω1 → K such that f (x) = x for any
x ∈ Σ ; it is immediate that f is surjective and hence the space K is dyadic. Theorem 2.1 shows that K is metrizable and
hence so is Σ which is a contradiction. 
A linearly ordered space L is called ω1-Souslin line if c(L) = ω1 but d(L) = ω2. It is consistent with ZFC that ω1-Souslin
lines exist (see [12, Theorem 7.3]). A classical result of Shapirovky (see [8, 3.25]) states that every compact space of count-
able tightness has a point-countable π -base. This was a motivation for Problem 5.6 of [4] which asks whether every compact
discretely generated space has a point-countable π -base. The following theorem gives a consistent negative answer.
2.3. Theorem. If there exists an ω1-Souslin line, then there exists a compact discretely generated space which has no point-countable
π -base.
Proof. It is a result of Juhász, Soukup and Szentmiklóssy (see [7, Theorem 7]) that the existence of an ω1-Souslin line
implies that there is a ﬁrst countable GO space L without a point-countable π -base. Take a linearly ordered compacti-
ﬁcation X of the space L. Then X is discretely generated by [4, Theorem 3.10]; if B is a point-countable π -base in X
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compact space without a point-countable π -base. 
It is still an open problem (see [4, Problem 5.2]) whether a continuous image of a discretely generated compact space is
discretely generated. The following proposition shows that Dc cannot be used to ﬁnd a counterexample.
2.4. Proposition. If X is a discretely generated compact space then X cannot be continuously mapped onto Ic .
Proof. Observe that the countable maximal space V constructed by van Douwen in Example 3.3 of [3] is not discretely
generated by [4, Example 3.4]. Since V is extremally disconnected, the space βV is also extremally disconnected; it follows
from w(βV ) c that the space βV embeds in Ic .
If X maps continuously onto Ic then some closed set F ⊂ X maps continuously and irreducibly onto βV . It follows from
[1, Chapter VI, Problem 160] that the respective map is a homeomorphism so F is a subspace of X homeomorphic to βV ;
thus the set F ⊂ X fails to be discretely generated which is a contradiction. 
A compact space of countable tightness has countable π -character and a point-countable π -base. Therefore Theorem 2.3
is a motivation for ﬁnding out what is left from a point-countable π -base and countable π -character if countable tightness
of a compact space is replaced with discrete generability. The following theorem shows that we still have many points with
countable local π -bases.
2.5. Theorem. Under CH, if X is a discretely generated compact space then every closed set F ⊂ X has a dense set of points of countable
π -character. In particular, X has a dense set of points of countable π -character.
Proof. Take any closed set F ⊂ X . If F maps continuously onto Iω1 then by normality of X , it is also possible to map X
onto Iω1 = Ic . This contradiction with Proposition 2.4 shows that F cannot be mapped onto the space Iω1 . Therefore we can
apply [8, 3.20] to conclude that the set of points of countable π -character is dense in F . 
It follows from Theorem 2.1 that the space Dω1 is not discretely generated so discrete generability can be destroyed by
an uncountable Tychonoff product of second countable spaces. It turns out that box products behave better with respect to
discrete generability.
2.6. Theorem. Suppose that Xt is a monotonically normal space for any t ∈ T . Then the box product X =∏∐t∈T Xt of the spaces Xt is
discretely generated. Observe that even the square of a monotonically normal space need not be monotonically normal.
Proof. Let pt : X → Xt be the natural projection for every t ∈ T . Monotonic normality of Xt makes it possible to choose, for
any U ∈ τ (Xt) and x ∈ U , a set Ot(x,U ) ∈ τ (Xt) in such a way that x ∈ Ot(x,U ) ⊂ U and Ot(x,U ) ∩ Ot(y, V ) = ∅ implies
that either x ∈ V or y ∈ U .
Fix a set A ⊂ X and a point z ∈ A. Let κ = χ(z, X) and choose a local base {Gα: α < κ} of the space X at the point z.
Call a set U ⊂ X standard if we can ﬁnd a set Ut ∈ τ (Xt) for each t ∈ T such that U =∏t∈T Ut . It is easy to choose, for each
a ∈ A, a standard set U (a) =∏t∈T Uat such that a ∈ U (a) and z(t) = a(t) implies that z(t) /∈ Uat for every t ∈ T .
Take a point a0 ∈ A ∩ G0 arbitrarily and let V (0) = U (a0). Suppose that α < κ and we have, for every β < α, a point
aβ ∈ A and a standard set V (β) =∏t∈T V βt with the following properties:
(1) aβ ∈ A ∩ Gβ for every β < α;
(2) aβ ∈ V (β) ⊂ U (aβ) for all β < α;
(3) if Wβ =∏t∈T Ot(aβ(t), V βt ) then the family {Wβ : β < α} is disjoint.
Observe that the condition (3) guarantees that the set Dα = {aβ : β < α} is discrete. It turns out that
(4) we have z ∈⋃{Wβ : β < α} if and only if z ∈ Dα .
To prove it assume that z ∈ ⋃{Wβ : β < α}\Dα ; then we can ﬁnd a standard set H = ∏t∈T Ht such that z ∈ H
and H ∩ Dα = ∅. There exists β < α such that the set W = ∏t∈T Ot(z(t), Ht) intersects Wβ ; therefore Ot(z(t), Ht) ∩
Ot(aβ(t), V
β
t ) = ∅ for every t ∈ T . If aβ(t) = z(t) ∈ Ht then aβ(t) ∈ Ht . If aβ(t) = z(t) then z(t) /∈ V βt by (2) and the choice
of U (aβ); the properties of our monotone normality operator imply that aβ(t) ∈ Ht . This proves that aβ(t) ∈ Ht for all t ∈ T
and hence aβ ∈ H ∩ Dα ; this contradiction shows that the property (4) indeed takes place.
If z ∈ Dα then there is nothing to prove; if not then z /∈⋃{Wβ : β < α} by the property (4) so we can choose a standard
set E =∏t∈T Et such that z ∈ E and E ∩ (
⋃{Wβ : β < α}) = ∅. Pick a point aα ∈ E ∩ Gα ∩ A and a standard set V (α) ⊂
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construction can be continued.
If the set Dα = {xβ : β < α} contains the point z in its closure for some α < κ then Dα witnesses that X is discretely
generated. If not, then we will have the set D = {aα: α < κ} ⊂ A and the property (1) implies that z ∈ D . The property (3)
shows that D is discrete, so X is discretely generated. 
2.7. Corollary. If n ∈ N and Xi is a monotonically normal space for all i = 1, . . . ,n then X1 × · · · × Xn is discretely generated.
2.8. Corollary. If n ∈ N and Li is a GO space for all i = 1, . . . ,n then L1 × · · · × Ln is discretely generated.
2.9. Corollary. The box product
∏∐
Rκ of κ-many real lines is discretely generated for any cardinal κ .
2.10. Examples. (a) The countable maximal space V of van Douwen does not embed into any box product of real lines.
(b) There exists a point p ∈ βQ\Q such that the space Q ∪ {p} does not embed in any box product of real lines.
Proof. (a) The countable maximal space of van Douwen (see [3, Example 3.3]) is not discretely generated (see [4, Ex-
ample 3.4]); since discrete generability is hereditary, the space V is not embeddable in any box product of real lines by
Corollary 2.9.
(b) The space βQ has remote points by [2, Theorem A]; in particular, we can ﬁnd a point p ∈ βQ\Q such that no discrete
set of Q contains p in its closure. Therefore Q ∪ {p} is not discretely generated so it is not embeddable in any box product
of real lines by Corollary 2.9. 
2.11. Proposition. Suppose that X is a space and Ft is a closed discretely generated subspace of X for any t ∈ T . If the family {Ft : t ∈ T }
is locally ﬁnite then F =⋃t∈T Ft is discretely generated.
Proof. If x ∈ F , A ⊂ F and x ∈ A then there exists U ∈ τ (x, X) such that the set S = {t ∈ T : Ft ∩U = ∅} is ﬁnite. If B = A∩U
then x ∈ B so there exists t ∈ S such that x ∈ B ∩ Ft . The set Ft being closed, we have B ∩ Ft ⊂ Ft and hence x ∈ Ft . Applying
discrete generability of Ft , we can ﬁnd a discrete set D ⊂ B ∩ Ft such that x ∈ D; thus, D ⊂ A witnesses that F is discretely
generated. 
2.12. Examples. (a) A countable closure-preserving union of closed discretely generated sets need not be discretely gener-
ated;
(b) under CH, there exists a compact non-discretely generated space X such that X = ⋃n∈ω Xn where every Xn is
discretely generated and closed in X ;
(c) under CH, the space βω\ω has a dense discretely generated subspace.
Proof. (a) Observe that the countable maximal space V constructed by van Douwen in [3, Example 3.3] is not discretely
generated and can be represented as the countable increasing union
⋃
n∈ω Fn of ﬁnite sets Fn . It is clear that the family{Fn: n ∈ ω} is closure-preserving and consists of discretely generated sets.
(b) Under CH Ivanov and Osipov constructed in the paper [6] a discretely generated compact space K = I ∪ L such that
X = K × K is not discretely generated while I = [0,1) ⊂ R and L is a linearly ordered compact space. We have the equality
X = (I × I) ∪ (L × L) ∪ (L × I) ∪ (I × L). Since L and I are monotonically normal, we can apply Corollary 2.7 to see that
L × I , I × L and L × L are discretely generated. The space I is σ -compact so I × L and L × I are both the union of countably
many compact discretely generated spaces. Since I × I is the countable union of compact metrizable spaces, the space X is
representable as the countable union of closed discretely generated subspaces.
(c) Under CH, the set Y of P -points of the space βω\ω is dense in βω\ω (see e.g., [9, Corollary 1.7.2]). It follows from
CH that χ(x, Y ) = ω1 for any x ∈ Y ; since Y is a P -space, it is easy to construct a decreasing local base at every point of Y .
Therefore we can apply [4, Theorem 3.13] to conclude that Y is discretely generated. 
Our next step is to generalize Theorem 3.13 of [4] which states that any regular space with a nested local base at every
point is discretely generated. We will actually prove a local version of this fact for Hausdorff spaces.
2.13. Deﬁnition. Say that a space X is discretely generated at a point x ∈ X if for any set A ⊂ X such that x ∈ A, there exists
a discrete set D ⊂ A such that x ∈ D .
2.14. Lemma. Suppose that X is a Hausdorff space and, for some x ∈ X, we can ﬁnd a decreasing local base {Uα: α < κ} at the point x
for an inﬁnite regular cardinal κ . Then
(a) for any set B ⊂ X\{x} with |B| < κ we have Uα ∩ B = ∅ for some α < κ ;
(b) X is discretely generated at the point x.
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then α < κ and Uα ∩ B = ∅; this settles (a).
To prove (b), suppose that A ⊂ X and x ∈ A. There is no loss of generality to assume that x /∈ A. Pick a point a0 ∈ A ∩ U0
arbitrarily and let γ0 = 0. Proceeding by induction assume that α < κ and we have constructed sets {aβ : β < α} ⊂ A and
{γβ : β < α} ⊂ κ with the following properties:
(5) if β < β ′ < α then γβ < γβ ′ ;
(6) aβ ∈ Uγβ for each β < α;
(7) if β < α and Dβ = {aδ: δ < β} then Dβ ∩ Uγβ = ∅.
It follows from (a) that for the set Dα = {aβ : β < α} there exists an ordinal γα > sup{γβ : β < α} such that γα < κ and
Uγα ∩ Dα = ∅. Pick a point aα ∈ A∩Uγα and observe that the conditions (5)–(7) are now satisﬁed if we replace α with α+1
so our inductive construction can be continued to obtain a set D = {aα: α < κ} ⊂ A and a κ-sequence {γα: α < κ} ⊂ κ
such that the properties (5)–(7) hold for all α < κ .
It is easy to deduce from (5) that γα  α for all α < κ so {Uγα : α < κ} is still a local base at x. This, together with the
property (6) implies that x ∈ D .
To see that the set D is discrete, ﬁx an ordinal β < κ and observe that the properties (6) and (7) imply that aβ /∈ Dβ . Be-
sides, D\Dβ+1 ⊂ Uγβ+1 and we have aβ /∈ Uγβ+1 by (7). Therefore the set Hβ = (X\Dβ)∩(X\Uγβ+1 ) is an open neighborhood
of aβ such that Hβ ∩ D = {aβ}. 
2.15. Lemma. Given n ∈ N and Hausdorff spaces X1, . . . , Xn suppose that, for every i = 1, . . . ,n, we have a point xi ∈ Xi and an
inﬁnite regular cardinal κi such that there exists a decreasing local base {U iα: α < κi} of Xi at the point xi . Then X = X1 × · · · × Xn is
discretely generated at the point x = (x1, . . . , xn).
Proof. We proceed by induction on n ∈ N. The case of n = 1 is taken care of in Lemma 2.14. Assume that m > 1 and we
proved our lemma for all n < m. Take any spaces X1, . . . , Xm and points xi ∈ Xi for which there exists a decreasing local
base {U iα: α < κi} for some inﬁnite regular cardinal κi for all i m.
Let κ = max{κ1, . . . , κm}. If there exist distinct i, j m such that κi = κ j = κ (there is no loss of generality to consider
that i = 1 and j = 2) then the space Y = X1 × X2 has a decreasing local base {U1α × U2α: α < κ} at the point y = (x1, x2)
so the induction hypothesis is applicable to (m − 1)-many spaces Y , X3, . . . , Xm and their respective points y, x3, . . . , xm to
conclude that the space Z = Y × X3 × · · · × Xm is discretely generated at the point z = (y, x3, . . . , xm). It is trivial that there
exists a homeomorphism of ϕ : Z → X such that ϕ(z) = x so X is also discretely generated at the point x.
Therefore we can assume that κ = κ1 and κi < κ for all i = 2, . . . ,m. Fix a set A ⊂ X such that x = (x1, . . . , xm) ∈ A.
Let p : X → X1 be the natural projection. If we have x ∈ p−1(x1) ∩ A then observe that there exists a homeomorphism
ϕ : p−1(x1) → Z = X2 × · · · × Xm such that ϕ(x) = z = (x2, . . . , xm) so the induction hypothesis is applicable to the spaces
X2, . . . , Xm and the points x2, . . . , xm to conclude that Z is discretely generated at z and hence p−1(x1) is discretely gener-
ated at x so there is a discrete D ⊂ A ∩ p−1(x1) with x ∈ D . Thus we can assume, without loss of generality, that x1 /∈ p(A).
Let q : X → Y = X2×· · ·× Xm be the natural projection and denote the point q(x) by w . Observe that w ∈ q(A ∩ p−1(U10))
so we can apply the induction hypothesis to ﬁnd a discrete set D ′0 ⊂ q(A ∩ p−1(U10)) such that w ∈ D ′0. By our choice of D ′0
we can ﬁnd a discrete set D0 ⊂ A such that p(D0) ⊂ U10 and q(D0) = D ′0. Since χ(w, Y ) max{κ2, . . . , κm} < κ , we can
consider, without loss of generality, that |D0| < κ ; let γ0 = 0.
Proceeding by induction assume that α < κ and we have constructed discrete sets {Dβ : β < α} and a set {γβ : β <
α} ⊂ κ with the following properties:
(8) Dβ ⊂ A and |Dβ | < κ for all β < α;
(9) if β < β ′ < α then γβ < γβ ′ ;
(10) p(Dβ) ⊂ U1γβ for each β < α;
(11) if β < α and Eβ =⋃{Dδ: δ < β} then p(Eβ) ∩ U1γβ = ∅;
(12) w ∈ q(Dβ) for all β < α.
It follows from Lemma 2.14(a) together with the condition (8) and regularity of the cardinal κ that, for the set Eα =⋃{Dβ : β < α}, there exists an ordinal γα > sup{γβ : β < α} such that γα < κ and U1γα ∩ p(Eα) = ∅.
Observe that w ∈ q(A ∩ p−1(U1γα )) so we can apply the induction hypothesis to ﬁnd a discrete subset D ′α ⊂ q(A ∩
p−1(U1γα )) such that w ∈ D ′α . By our choice of D ′α we can ﬁnd a discrete set Dα ⊂ A such that p(Dα) ⊂ U1γα and
q(Dα) = D ′α . Since χ(w, Y )  max{κ2, . . . , κm} < κ , we can consider, without loss of generality, that |Dα | < κ . Observe
that the conditions (8)–(12) are now satisﬁed if we replace α with α + 1 so our inductive construction can be continued to
obtain a family {Dα: α < κ} of discrete subsets of A and a κ-sequence {γα: α < κ} ⊂ κ such that the properties (8)–(12)
hold for all α < κ .
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⋃{Dα: α < κ}.
Given any neighborhood V of the point x in X we can ﬁnd sets G2, . . . ,Gm and α < κ such that Gi ∈ τ (xi, Xi) for all
i = 2, . . . ,m and U1γα × G2 × · · · × Gm ⊂ V . It follows from (12) that there exists a ∈ Dα such that p(a) ∈ U1γα and q(a) ∈
G2 × · · · × Gm; as an immediate consequence, a ∈ U1γα × G2 × · · · × Gm and hence a ∈ V ∩ D . This proves that x ∈ D .
To see that the set D is discrete ﬁx an ordinal β < κ and observe that the properties (10) and (11) imply that Dβ ∩
⋃{Dδ: δ < β} = ∅. Besides, we have the inclusion D\(⋃{Dδ: δ > β}) ⊂ p−1(U1γβ+1 ) and Dβ ∩ p−1(U1γβ+1 ) = ∅ by (11).
Therefore the set Hβ = (X\Eβ)∩ (X\p−1(U1γβ+1 )) is an open neighborhood of the set Dβ such that Hβ ∩ D = Dβ and hence
D is discrete. 
Call a space X l-nested at a point x ∈ X if X has a nested local base at x. The space X is l-nested if it is l-nested at every
point. It was proved in [4, Theorem 3.13] that every regular l-nested space is discretely generated. It is easy to see that a
product of two l-nested spaces need not be l-nested so the following theorem gives new information about ﬁnite products
of l-nested spaces.
2.16. Theorem. If n ∈ N and Xi is a Hausdorff space l-nested at a point xi for every i = 1, . . . ,n then the space X = X1 × · · · × Xn is
discretely generated at the point x = (x1, . . . , xn).
Proof. It is straightforward that we can construct, for any i = 1, . . . ,n, a decreasing local base {U iα: α < κi} of the space Xi
at the point xi for some inﬁnite regular cardinal κi . Lemma 2.15 does the rest. 
2.17. Corollary. Any ﬁnite product of Hausdorff l-nested spaces is discretely generated.
3. Open problems
Discretely generated spaces were introduced ten years ago and a lot of progress has been made since then. However, the
topic is still far from being exhausted as can be seen from the following list of open questions.
3.1. Problem. Is it true that every dyadic compact space has a dense discretely generated subspace?
3.2. Problem. Is it true that every compact space has a dense discretely generated subspace?
3.3. Problem. Is any box product of ﬁrst countable spaces discretely generated?
3.4. Problem. Suppose that X is a compact discretely generated space and ω1 is a caliber of X . Must X be separable?
3.5. Problem. Suppose that X is a Hausdorff weakly discretely generated space such that t(X)  ω. Must X be discretely
generated?
3.6. Problem. Is it true that any countable Tychonoff product of monotonically normal spaces is discretely generated?
3.7. Problem. Is it true that any countable Tychonoff product of linearly ordered topological spaces is discretely generated?
3.8. Problem. Is it true that any countable Tychonoff product of l-nested spaces is discretely generated?
3.9. Problem. Is it true in ZFC that a discretely generated compact space cannot be continuously mapped onto Dω1 ?
3.10. Problem. Does there exist in ZFC a Tychonoff discretely generated space whose square is not discretely generated?
3.11. Problem. Does there exist a Tychonoff discretely generated space whose square is not weakly discretely generated?
3.12. Problem. Does there exist in ZFC a Tychonoff discretely generated space X such that Xω is not discretely generated?
3.13. Problem. Does there exist a Tychonoff discretely generated space X such that Xω is not weakly discretely generated?
3.14. Problem. Let V be the van Douwen’s countable maximal space. Can V be embedded in Xω for some discretely
generated space X?
278 V.V. Tkachuk, R.G. Wilson / Topology and its Applications 159 (2012) 272–2783.15. Problem. Let X be a Fréchet–Urysohn space. Must X × X be discretely generated?
3.16. Problem. Let X be a sequential space. Must X × X be discretely generated?
3.17. Problem. Let X be a Fréchet–Urysohn space. Must X × X be weakly discretely generated?
3.18. Problem. Let X be a sequential space. Must X × X be weakly discretely generated?
3.19. Problem. Does the space ω ∪ {ξ} embed into a box product of real lines for any ξ ∈ βω\ω?
3.20. Problem. Does the countable Fréchet–Urysohn fan Vω embed into a discretely generated compact space?
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